Integrals being dependent on the limits only are denominated potentials. According to Hilbert's Independence Theorem potentials are given by the limits of an action integral. Whereas the upper limit presents the actual action the lower limit concerns the least action. The action can be a constant, the least action can be zero or can be given by a finite value. As to thermodynamics the latter is true as found by Planck. According to Hilbert the path of integration must be taken along the geodesic slope as resulting from the Euler equations. Changing from dynamics to thermodynamics we change from single mass points to a system of mass points. In this case according to Caratheodory the amount as well as the direction of the geodesic slope of the components must be taken into account. As to the latter condition we consider the integrand of the action integral presented by a chain of vectors of the coordinated canonical variables. Searching according to calculus of variation for conditions that furnish a minimum value of the action integral the choice of the elliptic transcendente yields a sufficient condition. Since the latter can be reduced as shown by Legendre to three kinds of irreducible elliptic integrals the transition from the Lagrange representation into the Hamilton representation yields an irreducible action. It can be taken as compatible with the least action of Planck.
Integrals being dependent on the limits only are denominated potentials. According to Hilbert's Independence Theorem potentials are given by the limits of an action integral. Whereas the upper limit presents the actual action the lower limit concerns the least action. The action can be a constant, the least action can be zero or can be given by a finite value. As to thermodynamics the latter is true as found by Planck.
According to Hilbert the path of integration must be taken along the geodesic slope as resulting from the Euler equations. Changing from dynamics to thermodynamics we change from single mass points to a system of mass points. In this case according to Caratheodory the amount as well as the direction of the geodesic slope of the components must be taken into account. As to the latter condition we consider the integrand of the action integral presented by a chain of vectors of the coordinated canonical variables. Searching according to calculus of variation for conditions that furnish a minimum value of the action integral the choice of the elliptic transcendente yields a sufficient condition. Since the latter can be reduced as shown by Legendre to three kinds of irreducible elliptic integrals the transition from the Lagrange representation into the Hamilton representation yields an irreducible action. It can be taken as compatible with the least action of Planck.
Whereas the action integral presents the actual time the integrand presents the energy state. As recognized already by Gauss the reverse function must be considered to get the familiar representation. 
Hilbert's Independence Theorem
The base of potential theory is the historical problem of calculus of variations imagined by Johann Bernoulli [1] . It concerns the descend of a mass in a gravitational field under the condition of the first law. Taking into account a gravitational field perpendicular to the plane of horizon and a mass m = 1 at point P 0 in distance y over the plane, Bernoulli considered the descend of the mass from point P 0 to an arbitrary point P m at the plane in such a way that the mass m descending along s(x, y) reaches point P m in least time. The curve s(x, y) between P 0 and P m in Fig. 1 is an example.
Under the condition of the first law the differential equation of s(t) reads
If we start the mass point at t = 0 with the velocity v 0 = 0 the interval ∆t to attain point P m is given by
if g is the gravitational constant.
Recognizing the difficulties to get the minimum value of the integral Bernoulli invited 1696 the most sharp-witted men of mathematics of the world to contribute to the solution of this problem. As far as it was taken as a property of masses it resulted in a flop. First about a half century later Euler recognized that it presents a mathematical problem concerning the slope ds/dt along the path s(t). To save the mathematical character of this problem Euler considered the minimum value of the integral
Creating the method of calculus of variation Euler found that this integral assumes a minimum value if every slope dy i /dt =ẏ i (t) satisfies the condition
Suspending, however, t in Eq. (3) and regarding the dependence of y Euler found
Solving conditions (4a-b) for the slopeẏ i = dy i /dt we obtain the geodesic slope being that slope which furnishes the minimum value of the determined integrals 
as the differential equation of the geodesic slope p i . Then the extremal y i (t) is an integral curve of the latter designated, if necessary, byȳ i . As to Bernoulli's problem, the Brachistochrone presented in Fig. 1 is the extremal. It shows a fundamental property of potentials the periodicity. Since the reversibility means the course from P(t m , y m ) to P(t 0 , y 0 ) and considering that physics excludes reversibility of time periodic functions must be considered. Helmholtz [2] has introduced cyclic variables in order to take this into account in thermodynamics.
Hamilton taking into account the minimum condition of a total differential introduced the "characteristic function" J given by
Regarding originally the velocities of light in different optic media i in order to apply Fermat's principle of least time in optics instruments Hamilton's conception could be applied to mechanics if the principle of least action is taken into account.
To get the condition transforming the inequality (6) into an equality we consider
Equality takes place if the integrand on the left hand side of Eq. (7) will be taken along the geodesic slopeẏ = p. Therefrom results the statement [1] :
"Taking the left hand side of Eq. (7) as a function ofẏ, this function has a minimum value ifẏ assumes the value p(t, y). In this case the expression on the left hand side of Eq. (7) equates zero" . . . "Thus equating the derivative of
Eq. (7) with respect toẏ and finally the expression (7) itself to zero we obtain the conditions":
where π will be defined as the canonical variable, and
where the Hamilton function H is presenting the total energy. As to the suffiẋ y = p we note that f(t, y,ẏ) is a function ofẏ; therewith no differentiation with respect to the geodesic slope p itself is possible. The integrand f(t, y,ẏ) of the line integral will be taken in the following as the Lagrangeian L(t, y,ẏ) ifẏ = p.
Introducing the values of J t and J y i as given by Eqs. (8) and (9), respectively, into Eq. (6) we obtain after changing to an arbitrary number of variables y i Hilbert's Independence Theorem [3] 
Writing it in terms of the Lagrange and the Hamilton function and the canonical variables we get
In the following the connection of integrals between the limits must be taken into account. According to Hamilton the connection of rays at the points of refraction in optic systems was the first example. In terms of Hilbert's Inde-pendence Theorem we get a general addition theorem if we consider
Understanding the right hand side integral representation as function of the parameter of connection P k (t, y i ) we obtain the minimum value with respect to this point of connection by differentiating the right hand side with respect to the coordinates t k and y i k and equating to zero. This yields the ErdmannWeierstraß corner conditions
and
postulating the equality of the total energy as well as that of the canonical variables at the point of connection.
Connection of canonical variables
For this purpose we consider the principle of duality
arising from Hilbert's Theorem (11) if H = 0. In this case relation (15) shows that the time integral over the Lagrange function is equal to the position integral over the canonical variable. H presenting a constant can be omitted if calculus of variations will be applied.
As to the latter problem Caratheodory [4] postulated in his "Complete figures of calculus of variations" based as noted by P. Funk [1] on Hilbert's Independence Theorem, to take into account besides the amount of the geodesic slope the direction of the geodesic slope of the canonical variables. This means a vectorial connection of the right hand side canonical variables. Since this chain of canonical variables presents the integrand of the action integral we consider a variational problem concerning the minimum value of the integral with respect to the direction of the canonical variables.
The action integral
In a preceding paper [5] we have shown how to get a sufficient condition of this problem of calculus of variation if we consider in an accelerated system where b is the acceleration the fluctuations of the angle ϕ(t) at the point of connection of canonical variables. Confining the fluctuation of a canonical variable of the length l to the angle α we have found in the preceding paper [5] that the angle ϕ(t) can be considered as an eigenfunction of the "elliptic transcendente" [6] 
Introducing sin(ϕ/2) = y and sin(α/2) = 1/k we get
In accordance with the principle of duality we consider two discrete integral representations, the cyclic representation (16) as postulated already by Helmholtz [2] and the canonical representation (17) as introduced by Hamilton.
Setting k = 0 in Eq. (17) we recognize that y = sin t presents an eigenfunction. According to Hamilton-Jacobi's theory this case is taken into account in dynamics of single mass points. As to k = 0 Euler already has recognized that the addition theorems connecting cyclometric functions between the limits can be extended to this general case too [5] . This existence of addition theorems between the limits we have presupposed.
The first concrete statement concerning the properties of these integrals presenting the arc length of an ellipse and called elliptic integrals we owe to Legendre. Devoting half of this life with these he showed that the connection of discrete elliptic integrals brings out elliptic integrals again. Reverse, with the help of formal calculating he could show that every elliptic integral can be reduced into three kinds of irreducible elliptic integrals. Therefore the fluctuations ϕ(t) of the irreducible elliptic integrals and that of discrete combinations of these are eigenfunctions of the elliptic transcendente.
Imagining the extension of the path of the integral (17) into the complex plane Gauß brought light into this problem. Thereby he took into account the inverse function of the integral, too. While in the case k = 0 the sinus function, presenting a single periodic function is the inverse function of the cyclometric function, in the general case where k = 0 Gauss concluded to double periodic functions showing besides real frequencies, complex frequencies, too. The double periodic functions presenting the counterpart of the trigonometric functions are denominated elliptic functions and are the inverse functions of the elliptic integrals. Accordingly trigonometric functions as well as elliptic functions are eigenfunctions of the elliptic integrals furnishing a minimum value.
Gauß has not published this discovery presenting a sufficient condition. It was found in his inheritance. The necessary conditions have been given by Abel and Jacobi. Cauchy's integral theorem and the consideration of the path of integration at the Riemann surface was an important auxiliary.
The striking knowledge of the finding of Gauß is the inversion. Accordingly the action integral of Hilbert's Independence Theorem yields the value of the present time whereas the integrand present the energy state. First the inverse function yields the description of the energy state in dependence of time as used in physics.
Boundary conditions of the action integral
Whereas the upper limit of the action integral presents the actual state of a potential (the present time!) let us now change to the lower limit. In order to take into account as postulated by Caratheodory [4] the amount as well as the direction of the geodesic slope let us consider Fig. 2 . Two kinds of vectors are considered those showing into the direction of the real axis and those showing into the direction of the imaginary axis. Transforming the cycle of the three irreducible elliptic integrals into the canonical representation we get the triangle P 1 -P 2 -P 3 -P 1 of three irreducible impulses resulting in an irreducible action. This is the least action of Hilbert's action integral. It can be taken as compatible with Planck's least action.
Reducing now the distances P 1 -P 4 and P 2 -P 3 to zero we return from a system of mass points as considered in thermodynamic to dynamics of a mass point. In this case we regard the to and fro motion of the impulse of a mass point between the boundary points P 1 and P 2 along the both borders -----and + + + + + of the macroscopic axis. Contrary to this analogous representation the path along the triangle of the Gaussian plane is irrelevant and the observation is restricted to a digital representation of the limits.
Lagrange and Hamilton integrals
The Lagrange function of Eq. (11) is the mathematical representation of the free energy of thermodynamics. Being taken as an analytical function in the sense of function theory the path of integration must be taken in such a way that singularities are excluded. As to the Hamilton representation on the right hand side, the residues excluded by the path of integration are occurring as coefficients of the potential energy P = − a i a k R being contained in the total energy H.
From the latter representation we can obtain the behavior in the neighborhood of a singularity. Physics deals with this behavior. The behavior of single singularities, however, cannot be extended to many body systems. The shock arising from the discovery in the thirties of the last century that the core of atoms contains positive charge only is the outstanding example. Function theory shows how the action integral (18) governs the fascinating built up of all thinks that are reducible into three irreducible integrals.
From the theory of the elliptic integrals as applied to thermodynamics follows also the existence of three phases of chemical elements and of compounds if we change to the canonical representation. Moreover with the help of conform mapping a stepwise built up of the chemical elements from two irreducible components is possible and analogously that of chemical compounds. This development is a task of mathematicians versed with elliptic functions. A simple case is the connection of the two triangles of Fig. 2 to a parallelogram.
Time dependence of potentials
The time given by the action integral present the parameter of the representation of potential states of chemical elements. The latter once created from an equilibrium state and presenting at present frozen states these are witnesses of past. The nuclear decay exhibits the existence of an increasing instability. An further effect of instability corresponds to a jump of α → 0 of Eq. (16). It concerns the collapse of an elliptic integral into a cylometric function. It can be taken as compatible with a collapse of stars in the universe. Astrophysics acquainted with such phenomena regard it as the transition of stars into neutron stars whereby the neutrons are vanishing in a so called black hole. Since the integrands of action potentials are presenting states of energy the jump of α → 0 means a reset to the zero state where kinetic and potential theory are zero. The preceding state can be understood as the existence of kinetic energy to credit of the potential energy whereby in accordance with the first law equality of kinetic and potential energy is taken into account.
Since we consider the change of the energy states of potentials in the course of time of thinks that are reducible into three irreducible component let us turn to biologics where the time can be observed easily. An actual question is whether age of a clone is that of the mother or that in the moment of its artificial birth. Only in the later case the prototype of an ideal creature can be preserved for all times.
Begin and end
Let us close with the question as to the begin and the end of the action as presented by the action integral (16). The big bang creating particles from energy is in accordance with Einstein's energy-mass condition. Since it is only the transformation of energy into masses and therewith a transformation from integral (16) into integral (17) we consider no true begin. Turning over to eternity, philosophy brings the answer
Begin and End o Lord are Thine A path between the Life is Mine.
Since the representation of action by the elliptic transcendente is a task of mathematicians versed with elliptic integrals I invite mathematicians of the whole world being familiar with elliptic integrals to deal with the establishment of extended thermodynamics as based on the elliptic transcendente.
